Abstract Here we study the single-particle and the electron-pair densities for the ground state of nvo-electmn afomic systems using the wavefunctions which provide the best values for the energy known up to now. Spffial attention is paid to the convergence of some properties of the densities when we increase the dimension of the basis used. W~th these functions we have increased significantly the precision in the determination of the singleparticle and the electron-pair densities at the on@ and. therefore, of Kato's cusp conditions.
Intrnducblon
The interest in obtaining analytical expressions for the one-and two-body densities of an atomic system is obvious since they allow one to calculate in a simple way most of the magnitudes of interest, and they are, in general, simpler than the wavefunctions from which they are built. In addition these densities are two adequate quantities for evaluating the precision in the determination of the eigenfunctions. This is due to some analytic results known for these densities such as Kato's cusp conditions [1,2,3] which must be satisfied by the exact solutions. So, a valuation of the goodness of the wavefunction can be done in terms of how well its associated densities satisfy Kato's cusp conditions. It is clear that this valuation is less rigorous than the one we have for the eigenvalue, where lower and upper bounds are known.
Most of the calculations of this type have been done for the ground state of the helium atom and members of its isoelectronic series. For these systems there exist different variational approximations which provide energies with a great precision. They include in the trial wavefunction not only polynomial terms [4,S, 61 but also terms with half integer and negative powers in the coordinates and particularly logarithmic terms [7, 8, 9] . Recently, analytical expressions for the one-and two-body densities have been obtained, i.e. the single-particle and the electron-pair densities respectively, by using Hylleraas type functions [3, 10, 11, 12] and by means of isoperimetrical coordinates [lS]. It was shown that the cusp conditions and other properties were fulfilled with a good precision, although the results obtained for the two-body density were worse than the ones for the singleparticle density. However all these calculations use wavefunctions that are not the best ones for obtaining the energy. In particular, the best results for the energy of the ground state of the helium atom and its isoelectronic series are those obtained by KIeindienst and Emrich [9] , who make use of Hylleraas-type functions but including negative powers and logarithmic terms in the variable t = T I + rz. Nevertheless, it is not possible to build analytically the densities for this type of wavefunction, except when the modulus of the coordinate in the single-particle density or the interelectronic distance in the electron-pair density is zero. For this special The a i m of this work is to calculate the single-particle and the electron-pair densities at the origin when Kleindienst and Emrich wavefunctions are used [9]. Special attention will be paid to the importance of the non-polynomial terms of the wavefunction and on the role that these terms play in the achievement of good values for the cusp conditions.
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Wavefunction and densities at the origin
The wavefunction proposed by Kleindienst and Emrich to describe the ground state of the two-electron atoms can be written in terms of the Hylleraas coordinates t = rl + r2.
Here, the indices l , m , n in the sum go from zero to a maximum value l+,m+,n+, respectively. The index k can take also negative values and goes from k-to k+. As k can be negative, it is necessary to impose some restrictions on the other indices in order to guarantee that the wavefunction is in the domain of the Hamiltonian of the system. Besides it is useful to introduce some additional restrictions in order to optimize the basis [8,9]. These conditions arc the following k + 2 l + m + n < j
where j is a positive number. Once these restrictions are imposed, we determine the variational parameters, i.e. the coefficients GImn for all the values allowed of k , 1, m , n and the non-linear parameter a, minimizing the expectation value of the Hamiltonian in the state determined by the wavefunction ( 1 ) . We shall only take into account the electrostatic interaction between the electrons and the nucleus and between the two electrons, assuming infinite nuclear mass. With these assumptions, it is easy to build the Hamiltonian for the ground state in the Hylleraas coordinates 191.
We are interested in obtaining the single-particle, p ( r ) , and the electron-pair, h(s), densities and their first derivatives at the origin. These functions are defined as
The wavefunction given by equation (1) leads to spherically symmetric densities. The value of the single-particle density and its first derivative at the origin are given by where T = k f k' + 2(1+ 1') + m + m' + 1 and N = n + n'. For the electron-pair density we have With these values we can check Kato's cusp conditions which are given by
for the one-particle density (here Z is the nuclear charge), and
for the electron-pair density [3].
Results
The basis used to build the wavefunction in the present work is different to the usually used Hylleraas one because negative powers and powers of the logarithm on the variable t are included. These new t e m provide the best estimation of the ground state energy. We are interested in studying how these terms also improve the description of the densities and their first derivatives at the origin.
First, it is important to mention that the restrictions on the maximum values allowed of the powers of the variables do not significantly affect the values of the energy obtained if the dimension of the basis is great enough. However, there exists a technical limitation on the dimension of the basis because we are working in quadruple precision on a VAX 6200 system and the maximum value of the dimension of the basis in our calculations is In order to study the role played by the logarithmic terms and the negative powers on the variable r in the description of the densities at short distances we have worked with a baiii of similar dimension, modifying only slightly the maximum values of the indices. Moreover when we have introduced logarithmic terms we have removed the negative powers in t , and, in contrast, we have removed the logarithmic terms when introducing negative powers. All this can be seen in table 2. The first row correspond to the case when neither negative powers nor logarithmic terms are included. It is apparent that the inclusion of negative powers, which is shown in the following four rows, scarcely modifies the cusp conditions with respect to the case when negative powers and logarithmic terms are removed. However the effects of the inclusion of logarithmic terms are more evident, as we can see in the last three rows of this table. If we increase the maximum allowed power of the logarithmic term, the cusp condition for the electron-pair density is improved and one obtains a value of h(0) which is similar to the best found in 
Conclusions
The inclusion of logarithmic terms in the expansion of the wavefunction of two-electron atoms improves in a noticeable way the energy of the ground state of these systems, as was already known 191, and the description of the one-and two-body densities near the origin, where the effects of the correlations are larger. The results obtained in the present work show that the logarithmic terms are the most important in the improvement of the description of the quantities studied in this work Note that the greatest improvement we have got is in the description of the electron-pair density at the origin, for which good values at the origin did exist, although the value of its cusp condition was not good. The improvement in this quantity when correlations, specially of logarithmic form, are included tell us that we now have a very good description of the densities and their derivatives at short distances from the origin.
The wavefunctions used give us the best values of the o n e and two-body densities at the nucleus for every value of Z. The dimension of the basis needed is not too large, although quadruple precision must be used.
